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This paper deals with model equations for linearly viscous materials. Viscosity is
allowed to vary with temperature. The global solvability of an initial-boundary
value problem for nonlinear equations is proved by continuation of a local solution
with the help of a priori estimates. The main attention is paid to the global
estimates. Q 1996 Academic Press, Inc.
1. INTRODUCTION
This paper is concerned with the problem of existence of solutions to
differential equations for a fairly general class of linearly viscous materials.
The Lagrangian form of the conservation laws of mass, momentum, and
energy for the one-dimensional case is:
­ ¨ ­ u
y s 0, 1.1 .
­ t ­ x
­ u ­ m u , ¨ ­ u ­ .
s y p u , ¨ , 1.2 .  . /­ t ­ x ¨ ­ x ­ x
2­ e ­ k u , ¨ ­u m u , ¨ ­ u ­ u .  .
s q y p u , u , 1.3 .  . / /­ t ­ x ¨ ­ x ¨ ­ x ­ x
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 .where ¨ is the specific volume the inverse of density , u is the velocity, u
is the absolute temperature, p is the pressure, e is the internal energy, m
and k denote coefficients of viscosity and heat conductivity, x is the
Lagrangian mass variable, and t is the time.
The system is supplemented with the equations of state
e s e ¨ , u , p s p ¨ , u , 1.4 .  .  .
 .  .where e ¨ , u and p ¨ , u are chosen so as to satisfy the second law of
thermodynamics.
 .One can formulate various initial-boundary value problems for 1.1 ]
 .1.4 . However, the indeterminate type of the system, together with the
nonlinearity of the equations, will make the proof of the existence of a
 .solution globally in time rather complicated.
When the material is an ideal linearly viscous gas with constant viscosity
and heat conductivity, e.g.,
u
e s c u , p s R , m s const ) 0, k s const ) 0, 1.5 .¨ ¨
 .  .the main initial-boundary value problems for 1.1 ] 1.3 were studied by
w x w xKazhikhov 6 , Kazhikhov and Shelukhin 7 . Their method depends cru-
cially upon the one-dimensional form of the equations and the specific
 .form of the constitutive relations 1.5 . However, under very high tempera-
 .ture and density the relations 1.5 become unsuitable since the heat
conductivity and viscosity vary greatly with the temperature and density.
Special assumptions about the smallness of the problem data can help to
avoid the main difficulties and we can consider functional coefficients like
 w x.constants even in multidimensional case cf. 10]12, 14 .
 .  .The global solvability for the system 1.1 ] 1.4 , when m and k are not
 .constants, has been established only for special forms of functions m u , ¨
 .and k u , ¨ . For equations of solidlike thermoviscoelastic materials the
correctness of the initial-boundary value problems was proved by Dafer-
w x w xmos 2 , Dafermos and Hsiao 3 . For the equations of a heat conductive
w x w xreal gas the results of 6, 7 were generalized by Kawohl 8 .
w xThe main restriction in 2, 3, 8 is that the function m does not depend
on the temperature. This is certainly a restriction which is not physically
motivated, because in general the viscosity does vary with temperature.
From the mathematical point of view, the dependence of the viscosity on
temperature is also very interesting because in this case the nonlinearity of
the equations increases. More precisely, one can formally separate the
  .  ..parabolic system for u and u Eqs. 1.2 , 1.3 and the first-order differen-
tial equation for ¨ . The dependence of m and k only on ¨ extends the
 .  .nonlinearity of the whole system 1.1 ] 1.4 , but it does not change the
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nonlinearity of the separated parabolic system or the equation for ¨ . The
dependence of m and k on u changes the situation very much and the first
dependence ``worsens'' both of the parabolic equations.
w xIt should be observed that Dafermos and Hsiao 4 were the first to
consider some initial-boundary value problems for the equations obtained
 .  .from system 1.1 ] 1.3 when ¨ s const, k s p s 0, but the viscosity varies
with temperature. They have studied the problem provided by adiabatic
rectilinear shearing flow of an incompressible viscous fluid between two
parallel plates.
In this paper we consider a model system, which can be called the
generalization of Burgers's equations of a viscous compressible fluid see
w x.5, 13 for the heat conductive case:
­ ¨ ­ u
y s 0, 1.6 .
­ t ­ x
­ u ­ m u ­ u .
s , 1.7 . /­ t ­ x ¨ ­ x
2­u ­ k u ­u m u ­ u .  .
s q , 1.8 . / /­ t ­ x ¨ ­ x ¨ ­ x
 .The function m u is typically decreasing in liquids. We consider func-
tions of viscosity with the following properties:
 .  . 3 q. q  4a m s g C R , R s x g R, x G 0 ;
 .  . X . qb m s G m ) 0, m s - 0 for any s g R .0
Unfortunately, for purely technical reasons, we cannot obtain any results
 . X .for the less restricting relations: m s ) 0 and m s - 0. This case is more
interesting because the vanishing of the viscosity means the disappearance
of the dissipative effect on the solution.
 .In our case the function m u can be chosen from the wide class,
 .  .however, the function k u has to be compatible with m u in the
following way:
Ä X Ä .  .   .  ..c k s s yC m s rm s , C s const.
Several empirical or theoretical forms of the viscosity coefficient are
recorded in the literature. For instance, the standard form for liquids is
b
m u s a exp . .  5u
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 .  .For this choice all the conditions a ] c are fulfilled if
k u s gru 2 , .
Äwhere g s Cb.
 .  .We consider a typical initial-boundary value problem for 1.6 ] 1.8 in
 . 4the reference domain Q s x, t : 0 - x - 1, 0 - t - T :T
u x , 0 s u x , u x , 0 s u x , ¨ x , 0 s ¨ x , .  .  .  .  .  .0 0 0
0 F x F 1, 1.9 .
­u ­u
u 0, t s u 1, t s 0, 0, t s 1, t s 0, 0 F t F T . .  .  .  .
­ x ­ x
1.10 .
That is, the initial state of the fluid is known and the fluid volume has
fixed rigid thermally insulated boundaries.
Under the above assumptions we establish the solvability of the problem
 .  .1.6 ] 1.10 . A classical solution is constructed in the spaces of HolderÈ
continuous functions.
kqa  .Throughout the paper, we use well-known notations. Thus, by C 0, 1 ,
 .0 F k F `, we denote the Banach space of functions on 0, 1 having
derivatives up to order k inclusively that are uniformly Holder continuousÈ
 . kqa , lqa r2 .with exponent a g 0, 1 . We use the notation C Q , 0 F k F `,T
 .  .0 F l F `, for the Banach space of functions on Q s 0, 1 = 0, TT
having derivatives with respect to x up to order k inclusively and with
respect to t up to order l inclusively that are uniformly Holder continuousÈ
 .for x with exponent a and for t with exponent ar2, a g 0, 1 . The
symbols H a and H b denote the constants of uniformly Holder continuityÈx t
with respect to x and to t, respectively, i.e.,
< <f x , t y f x , t .  .1 2aH f x , t s sup , . . ax < <x y x . 1 2x , x g 0, 11 2
0FtFT
< <f x , t y f x , t .  .1 2bH f x , t s sup . . .t b< <t y t .t , t g 0, T 1 21 2
0FxF1
5 5The standard norm of any Banach space B will be denoted by ? .B
The main result has the following formulation.
 .  .THEOREM 1. Suppose that the function m s and k s ha¨e the properties
 .  .a ] c ,
u , u g C 2qa 0, 1 , ¨ g C1qa 0, 1 , .  .  .0 0 0
0 - m F ¨ , u F M - `, .0 0 0 0
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where m and M are some constants, and the data satisfy the following0 0
compatibility conditions:
u 0 s u 1 s 0, u X 0 s u X 1 s 0, .  .  .  .0 0 0 0
m u 0 ¨y1 0 uY 0 q mX u 0 u X 0 ¨y1 0 uX 0 .  .  .  .  .  .  . .  .0 0 0 0 0 0 0
y m u 0 ¨y2 0 ¨ X 0 uX 0 .  .  .  . .0 0 0 0
s m u 1 ¨y1 1 uY 1 q mX u 1 u X 1 ¨y1 1 uX 1 .  .  .  .  .  .  . .  .0 0 0 0 0 0 0
ym u 1 ¨y2 1 ¨ X 1 uX 1 s 0. .  .  .  . .0 0 0 0
 .  .Then there exists a unique classical solution of problem 1.6 ] 1.10 such that
u x , t , u x , t g C 2qa , 1qa r2 Q , ¨ x , t g C1qa , 1qa r2 Q , .  .  .  .  . . T T
¨ x , t ) 0, u x , t ) 0. .  .
If the data belong to a wider class, namely,
u , u , ¨ g W 1 0, 1 .  .0 0 0 2
and
u 0 s u 1 s 0, 0 - m F ¨ , u F M - `, .  .  .0 0 0 0 0 0
then there exists a unique generalized solution of the problem such that
u t , u t g L 0, T ; W 1 0, 1 l L 0, T ; W 2 0, 1 , .  .  .  . .  .  .` 2 2 2
­ u ­u
1¨ t g L 0, T ; W 0, 1 , , g L Q , .  .  . .` 2 2 T /­ t ­ t
­ ¨
g L 0, T ; L 0, 1 , ¨ ) 0, u ) 0. . .` 2­ t
The existence of a unique classical solution over the whole time interval
w x0, T can be obtained by a known procedure: a local solution is continued
globally in time by using a priori estimates. The local existence theorem is
w xproved in a way presented in 12, 13 . The global in time generalized
solution is constructed as a limit of a sequence of classical solutions with
smooth and compatible initial and boundary data. The proof of the
w xuniqueness of the generalized solution is the same as that given in 1 for
constant m and k . Our main attention will be focused on the a priori
estimates.
 .To obtain the basic global a priori estimates we separate system 1.7 ,
 .1.8 and then use known methods for parabolic equations. However, for
BELOV AND BELOV640
higher derivatives there is a singularity in the coefficients; they can
become either zero or infinity. Therefore, the estimates for the specific
volume and temperature, from above and from below, play an important
role in our investigation.
2. THE A PRIORI ESTIMATES
Suppose the conditions of the first part of Theorem 1 are satisfied
  .  .  ..and the problem has a classical solution u x, t , u x, t , ¨ x, t g
2qa , 1qa r2 . 2qa , 1qa r2 . 1qa , 1qa r2 .C Q = C Q = C Q with ¨ ) 0, u ) 0.T T T
Over a small time interval this is guaranteed by the local existence theory
w x12 .
 .In what follows, N, m, M with index will denote positive constants
which are solely dependent on initial data, T , and properties of the
 .  .functions m u and k u .
 .Applying the maximum principle to 1.7 , we have the following.
PROPOSITION 2.1.
< <u x , t F N , 0 F x F 1, 0 F t F T , 2.1 .  .1
<  . <where N s max u x .1 0 F x F1 0
 .  .  .Integrating Eq. 1.7 multiplied by u over Q s 0, 1 = 0, t and usingt
the boundary conditions, we obtain the first integral estimates:
2m u ­ u .1 T 1
max u x , t dx q dx dt F N . 2.2 .  .H H H 2 /¨ ­ x0FtFT 0 0 0
 .  .Employing an idea of Kazhikhov 6 , we show that u x, t is bounded away
from zero.
 .PROPOSITION 2.2. u x, t G m ) 0, 0 F x F 1, 0 F t F T.
 . y2Proof. We multiply 1.8 by yu to obtain the following equation for
v s uy1,
­v ­ k u ­v .
s q f , 2.3 . /­ t ­ x ¨ ­ x
where
2 2m u ­ u 2k u ­u .  .
f x , t s y y . . 2 3 /  /­ x ­ x¨u u
 . 2 py1Now we multiply 2.3 by 2 pv and integrate with respect to x over
 .  .0, 1 . Since f x, t F 0, we get the inequality
d
5 5v t F 0. . L 0 , 1.2 pdt
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Then,
5 5 5 5v t F v 0 . .  .L 0 , 1. L 0 , 1.2 p 2 p
Passing to the limit as p ª `, we see
5 5 5 5v t 0, 1 F v 0 .  .  .L L 0 , 1.` `
and
u x , t G m ) 0, 0 F x F 1, 0 F t F T . . 0
PROPOSITION 2.3.
2 2k u ­u .T 1
dx dt F N . 2.4 .H H 3 /¨ ­ x0 0
 . u  x, t .  .Proof. We multiply 1.8 by H k s ds and integrate the result overm0
Q . Using the boundary conditions, after simple reductions, we deducet
2 2
s k u ­u .1  . t 1u x , t
k j dj ds dx q dx dt .H H H HH  /¨ ­ x0 m m 0 00 0
s1  .u x0s k j dj ds dx .H H H
0 m m0 0
2m u ­ u .t 1  .u x , tq k x ds dx dt . 2.5 .  .HH H  / / ¨ ­ x0 0 m0
 .Thanks to relation c , we have
2m u ­ u .t 1  .u x , t
k s ds dx dt .HH H  / / ¨ ­ x0 0 m0
X 2
` m s m u ­ u .  .t 1ÄF yC ds dx dtH HH  /m s ¨ ­ x .m 0 00
Ä < < < <F CN ln m m q ln m ` s N . .  . .2 0 4
 .  .Then 2.4 follows from 2.5 .
We now proceed to obtain some integral estimates which provide the
important bounds for the specific volume.
PROPOSITION 2.4.
22 2m u ­ u k u ­u .  .1
max q dx dtH  /  /¨ ­ x ¨ ­ x0FtFT 0
2
­ m u ­ u .T 1
q dx dt F N . 2.6 .H H 5 /­ x ¨ ­ x0 0
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 .  .  . . ..Proof. We multiply 1.7 by ­r­ x m u r¨ ­ ur­ x and integrate
 .with respect to x over 0, 1 to get the inequality
22d m u ­ u ­ m u ­ u .  .1 1
dx q 2 dxH H /  /dt ¨ ­ x ­ x ¨ ­ x0 0
X3 2m u ­ u m u ­ u ­ k u ­u .  .  .1
s y dx qH 2  /  /  /­ x ¨ ­ x ­ x ¨ ­ x¨0
X 4m u m u ­ u .  .
q dx2  /­ x¨
2 22m u ­ u ­ m u ­ u .  .1 1
F N dx q e dxH He 11  /  /¨ ­ x ­ x ¨ ­ x0 0
X X2 4m u ­ u ­ k u ­u m u m u ­ u .  .  .  .1
q q dx ,H 2 /  / /¨ ­ x ­ x ¨ ­ x ­ x¨0
2.7 .
where e ) 0.1
 .  . .On the other hand, if we multiply 1.8 by K k u ­r­ x
  . . ..k u r¨ ­ur­ x , where the positive constant K will be chosen later on,
we come to the equality
­ k u ­u ­u .
Kk u .  /­ x ¨ ­ x ­ t
­ ­ 1 ­ .  .u x , t u x , ts K k s ds k s ds .  .H H /  /­ t ­ x ¨ ­ x1 1
­ 1 ­ ­ .  .u x , t u x , ts K k s ds k s ds .  .H H /­ x ¨ ­ t ­ x1 1
22 2K ­ 1 ­ K k u ­ u ­u . .u x , ty k s ds y .H 2  / /2 ­ t ¨ ­ x 2 ­ x ­ x¨1
2
­ k u ­u .
s Kk u .  /­ x ¨ ­ x
2m u k u ­ u ­ k u ­u .  .  .
q K . /  /¨ ­ x ­ x ¨ ­ x
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 .After integrating this with respect to x over 0, 1 , we have
22 2d k u ­u ­ m u ­ u .  .1 1
K dx F e dxH H2 /  /dt ¨ ­ x ­ x ¨ ­ x0 0
22 2k u ­u .1
q N dxHe2  /¨ ­ x0
2
­ k u ­u .1
y 2 Kk u .H  / ­ x ¨ ­ x0
2m u k u ­ u ­ k u ­u .  .  .
q2 K dx. 2.8 . /  / 5¨ ­ x ­ x ¨ ­ x
 .  .Now we take e q e - 2 and sum inequalities 2.7 , 2.8 . We see1 2
22 2d m u ­ u k u ­u .  .1
q K dxH  /  /dt ¨ ­ x ¨ ­ x0
2
­ m u ­ u .1
q 2 y e y e dx .H1 2  /­ x ¨ ­ x0
22 22 2m u ­ u k u ­u .  .1 1
F N dx q N dxH He e1 2 /  /¨ ­ x ¨ ­ x0 0
1
q I x , t dx , 2.9 .  .H
0
where
I s y2 Kk A2 q mX y 2 Kmk AB q mXmB2 , 2.10 .  .
2­ k u ­u 1 ­ u .
A x , t s , B x , t s . .  .  / /­ x ¨ ­ x ¨ ­ x
 .The discriminant of quadratic trinomial 2.10 is
2 2X X XD s m y 2 Kmk q 8 Kmmk s m q 2 Kmk . .  .
Ä y1 .  .We take K s 2C . Then D s 0 and I x, t F 0. Therefore, by virtue
 .  .  .of 2.9 , using Gronwall's inequality and taking account of 2.2 , 2.4 , we
 .arrive at 2.6 .
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Now we are able to deduce the bounds for the specific volume and
temperature.
PROPOSITION 2.6.
m F ¨ x , t F M , 0 F x F 1, 0 F t F T . 2.11 .  .
 .  .Proof. Integrating Eq. 1.6 with respect to x over 0, 1 and taking
 .account of the continuity and positiveness of ¨ x, t , we find that for each
w x  . w xt g 0, T there exists at least one point x t g 0, 1 such that the0
following identity holds
1
¨ x t , t s ¨ x dx. .  . . H0 0
0
 .Now we rewrite equation 1.6 as
­ ln ¨ 1 ­ u
s
­ t ¨ ­ x
 . .  .and substitute 1r¨ ­ ur­ x into Eq. 1.7 . Then the following representa-
tion for the mixed derivative of ln ¨ is valid
­ 2 ­ u k ­u ­ uy1ln ¨ s m u q ' R x , t . 2.12 .  .  .Ä­ t ­ x ­ t ­ x ­ xC¨
 .   . .  .We integrate 2.11 over x t , x = 0, t and take exponentials. Esti-0
t x  .mating the absolute value of the integral H H R x, t ds dt by means of0 x  t .0
 .Cauchy's inequality and 2.6 , we obtain the desired bounds for the specific
volume from above and from below.
 .PROPOSITION 2.6. u x, t F M , 0 F x F 1, 0 F t F T.1
 . ny1Proof. We multiply Eq. 1.8 by nu , n ) 2, and integrate with
 .respect to x over 0, 1 . After standard reductions, we deduce
2d k ­u1 1n ny2u dx q n n y 1 u dx .H H  /dt ¨ ­ x0 0
2m ­ u 1 ny1F N max nu dx.H6 ¨ ­ x0FxF1 0
The right-hand side can be estimated by Holder's inequality and Young'sÈ
inequality. Then we have
dy
F A t n y 1 y t q 1 , 2.13 .  .  .  .
dt
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where
1 n n5 5y t s u x , t dx s u t , .  .  .H L 0 , 1.n
0
2
­ m u ­ u .
A t s N dx g L 0, T . .  .H6 1 /­ x ¨ ­ x
Using Gronwall's inequality, we obtain
t t
y t F y 0 q A t dt exp n y 1 A t dt .  .  .  .  .H H 5 /0 0
F y 0 q N N exp n y 1 N N . 2.14 4 .  .  . .5 6 5 6
 . y1Raising both sides of 2.14 to power n and passing to the limit as
n ª `, we obtain the bound for u in Q :T
 4u x , t F 1 q M exp N N s M . .  .0 5 6 1
 .  .After deriving the bounds for ¨ x, t and u x, t we can take another
 .  .look at the previous integral estimates 2.2 , 2.6 and deduce the relation
22 2­ u ­u ­ u1 T2max u q q dx q max dt F N . 2.15 .H H 7 /  /­ x ­ x ­ x0FtFT 0FxF10 0
Observe that the estimate
22­u ­ k u ­u .T T 1
max dt F N dx dt F N 2.16 .H H H8 9 /­ x ­ x ¨ ­ x0FxF10 0 0
 .  .  .follows from 2.8 . Indeed, we can integrate 2.8 over 0, T and rewrite it,
 .using 2.6 , so as to obtain
2
­ k u ­u .T 1U2k dxH H  /­ x ¨ ­ x0 0
2­ u ­ k u ­u .T 1
F N q N dx ,H H10 11  /  /­ x ­ x ¨ ­ x0 0
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U  .where k s min k s . The fact that the last term on the right-handm F sF M0 1
 .side can be estimated with the help of Cauchy's inequality and 2.15 give
2­ u ­ k u ­u .T 1
dx dtH H  /  /­ x ­ x ¨ ­ x0 0
2 2­ u ­ uT 1
F N max dx dtH H12  / /­ x ­ x0FxF10 0
2
­ k u ­u .T 1Uq k dxH H  /­ x ¨ ­ x0 0
2
­ k u ­u .T 1UF N q k dx.H H13  /­ x ¨ ­ x0 0
PROPOSITION 2.7.
1 2max ­ ¨r­ x dx F N . 2.17 .  .H 14
0FtFT 0
 .Proof. Equation 1.6 can be written
­ ln ¨ m ­ u
y1s m . 2.18 . /­ t ¨ ­ x
 .We differentiate 2.18 with respect to x, multiply by ­ ln ¨r­ x, and
integrate over Q . After simple reductions, we havet
2­ ln ¨1
dxH  /­ x0
2­ ln ¨ ­ ln ¨ ­ u ­ut 1 t 1
F N q dx dt q N dx dt .HH HH15 16 /­ x ­ x ­ x ­ x0 0 0 0
 .The third term on the right-hand side is estimated, using 2.15 , by
2­ ln ¨ ­ u ­u ­ ln ¨t 1 t 1
dx dt F dxHH HH  /­ x ­ x ­ x ­ x0 0 0 0
2 2­ u ­ut 1
qN max dx dtH H17  /­ x ­ x0FxF10 0
2­ ln ¨t 1
F N q dx.HH18  /­ x0 0
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Then an application of Gronwall's inequality gives the integral estimate for
the derivative of ln ¨ ,
2­ ln ¨1
max dx F N ,H 19 /­ x0FtFT 0
 .which implies 2.17 because of the bounds for ¨ .
It should be observed that we have now obtained enough estimates to
establish suitable compactness results for the sequence of approximate
solutions. Then the limit of a convergent subsequence is the generalized
solution of the problem.
Now we derive a priori estimates for the second-order derivatives and
 .  .derivatives with respect to t for u x, t and u x, t .
PROPOSITION 2.8.
2 2­ u ­u1
max q dx F N , 2.19 .H 20 /  /­ t ­ t0FtFT 0
2 22 2­ u ­ uT 1
q dx F N , 2.20 .H H 21 /  /­ x ­ t ­ x ­ t0 0
2 22 2­ u ­ u1
max q dx F N , 2.21 .H 212 2 /  /­ x ­ x0FtFT 0
 .  .Proof. We formally differentiate 1.7 and 1.8 with respect to t,
multiply by ­ ur­ t and ­ur­ t, respectively, and integrate their sum over
Q , using the boundary conditions. The formal differentiation can bet
justified in a standard way by deriving estimates for finite differences first
and then using the existence criterion for generalized derivatives. We see
that
2 21 ­ u ­u1
q dxH  /  /2 ­ t ­ t0
2 22 2m u ­ u k u ­ u .  .t 1
q q dx dtHH  /  /¨ ­ x ­ t ¨ ­ x ­ t0 0
2 21 ­ u ­u1
s x , 0 q x , 0 dx .  .H  /  /2 ­ t ­ t0
2 2 2m u ­ u ­ u k u ­ u ­u ­ u .  .t 1
q qHH 2 2 /­ x ­ x ­ t ­ x ­ x ­ x ­ t¨ ¨0 0
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mX u ­ u ­ 2 u ­u k X u ­u ­ 2u ­u .  .
y y
¨ ­ x ­ x ­ t ­ t ¨ ­ x ­ x ­ t ­ t
X 2 2 3m u ­ u ­u m u ­ u ­u .  .
q y 2 /  /  /¨ ­ x ­ t ­ x ­ t¨
2m u ­ u ­ u ­u .
q2 dx dt . 2.22 .
¨ ­ x ­ x ­ t ­ t
 .The integrals on the right-hand side of 2.22 are estimated by means of
 .Cauchy's inequality and 2.15 :
X 2m u m u ­ u ­ u ­u .  .t 1
2 y dx dtHH  /¨ ¨ ­ x ­ x ­ t ­ t0 0
2 2 22­ u ­ u ­ ut 1 t 1
F e dx dt q N max dx dt ;HH H H1 23  / /­ x ­ t ­ x ­ t0FxF10 0 0 0
X 2k u ­u ­ u ­u .t 1
y dx dtHH ¨ ­ x ­ x ­ t ­ t0 0
2 2 22­ u ­u ­ut 1 t 1
F e dx dt q N max dx dt ;HH H H2 24  / /­ x ­ t ­ x ­ t0FxF10 0 0 0
22 2 2m u ­ u ­ u ­ u .t 1 t 1
dx dt F e dx dt q N ;HH HH3 252  /  /­ x ­ x­ t ­ x ­ t¨0 0 0 0
22 2k u ­ u ­ u ­u ­ u .t 1 t 1
dx dt F e dx dt q N ;HH HH4 262  /­ x ­ x ­ t ­ x ­ x ­ t¨0 0 0 0
2X 2 2m u ­ u ­u ­ u ­u .t 1 t 1
dx dt F N max dx dt ;HH H H27 /  /¨ ­ x ­ t ­ x ­ t0FxF10 0 0 0
3m u ­ u ­u .t 1
dx dtHH 2  /­ x ­ t¨0 0
2 2­ u ­ut 1
F N q N max dx dt .H H28 29  /­ x ­ t0FxF10 0
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Taking
m kU0
e q e s , e q e s ,1 3 2 42 M 2 M
we have
t
y t F A q B t y t dt , .  .  .H1 1
0
where
2 2­ u ­u1
y t s q dx . H1  /  /­ t ­ t0
2 22 21 ­ u ­ ut 1 Uq m q k dx dt ,HH 0  /  /M ­ x ­ t ­ x ­ t0 0
A s const,
2 2­ u ­u
B t s N q N q N max q N max g L 0, T . .  .  .23 27 29 24 1­ x ­ x0FxF1 0FxF1
 .  .Then, applying Gronwall's inequality, we obtain 2.19 and 2.20 .
 . 2 2 2 2For the proof of 2.21 we express ­ ur­ x and ­ ur­ x in terms of
 .  .other derivatives from Eq. 1.7 and 1.8 , respectively,
­ 2 u ¨ ­ u mX u ­ u ­u m u ­ u ­ ¨ .  .
s y q , 2.23 .2 2 /m u ­ t ¨ ­ x ­ x ­ x ­ x­ x ¨ .
X 2 22­ u ¨ ­u k u ­u k u ­u ­ ¨ m u ­ u .  .  .
s y q y .2 2 /  / /k u ­ t ¨ ­ x ­ x ­ x ¨ ­ x­ x ¨ .
2.24 .
 .  .  .  .From 2.23 , using 2.15 , 2.17 , 2.19 , we deduce
2 22­ u ­ u1
dx F N q N maxH 30 312 / ­ x­ x 0FxF10
1r22 22 2­ u 1 ­ u1 1
F N q N dx F N q dx ,H H32 33 342 2 /  / / 2­ x ­ x0 0
whence
22­ u1
dx F N . 2.25 .H 352 /­ x0
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 .  .  .  .  .From 2.24 , using 2.15 , 2.17 , 2.19 , 2.25 , we have
22­ u1
dx F N . 2.26 .H 362 /­ x0
Now we can derive the estimates for the Holder constants of a solution.È
The Holder-norm estimates allow the extension of a local classical solutionÈ
w xover the whole time interval 0, T .
 .  .It follows from 2.15 , 2.21 that
x ­ u2
< <u x , t y u x , t s x , t dx F N x y x ; 2.27 .  .  .  .H2 1 37 2 1­ xx1
x 2­ u ­ u ­ u2 1r2< <x , t y x , t s x , t dx F N x y x ; 2.28 .  .  .  .H1 2 38 2 12­ x ­ x ­ xx1
­ ut2u x , t y u x , t F x , t dt. 2.29 .  .  .  .H2 1 ­ tt1
Using the simple embedding inequality
1r41r2 1r4 22 2 2­ u ­ u ­ u ­ u1 1 1
FN dx q dx dx ,H H H40  /  /  / /  /  /­ t ­ t ­ t ­ x ­ t 00 0 0
2.33 .
 .  .  .we obtain from 2.29 , 2.19 , 2.20 that
H 3r4 u x , t F N . 2.30 .  . .t 41
w xApplying a well-known interpolation theorem 9, p. 78, Lemma 3.1 and
 .  .taking account of 2.28 , 2.30 we deduce
­ u
1r4H x , t F N . 2.31 .  .t 42 /­ x
Hence
5 5 1q 1r2 , 1r4u x , t F N . 2.32 .  .C 43
 .  .  .By the same argument, using 2.15 , 2.21 , 2.17 , and the equation
­ ¨r­ t s ­ ur­ x, we can derive the relations:
5 5 1q 1r2 , 1r4 5 5 1r2 , 3r4u x , t F N , ¨ x , t F N . 2.33 .  .  .C C44 45
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To complete the proof of the Holder-norm estimates we use an idea ofÈ
w xDafermos and Hsiao 3 .
 .  .We rewrite the system 1.6 ] 1.8 in the form
­ u ­ 2 u ­ u
s a x , t q b q f x , t , 2.34 .  .  .1 1 12­ t ­ x­ x
­u ­ 2u ­u
s a x , t q b q f x , t , 2.35 .  .  .2 2 22­ t ­ x­ x
­ ¨ ­ u
s , 2.36 .
­ t ­ x
where
m u k u .  .
a x , t s a x , t s .  .1 2¨ ¨
mX u ­u k X u ­u .  .
b x , t s , b x , t s , .  .1 2¨ ­ x ¨ ­ x
2m u ­ u ­ ¨ m u ­ u k u ­u ­ ¨ .  .  .
f x , t s y , f x , t s y . .  .1 22 2 /­ x ­ x ¨ ­ x ­ x ­ x¨ ¨
1 4Let b s min a , . Obviously, we have2
5 5 b , b r2 5 5 b , b r2a F N , b F N ,C Ci 46 i 47
5 5 b , b r2 5 5 b , b r2f F N q N ­ ¨r­ x for i s 1, 2. 2.37 .C Ci 48 49
 .The classical Schauder]Friedman estimates for solutions of 2.34 and
 .2.35 give
5 5 2q b , 1qb r2 5 5 b , b r2u F N q N ­ ¨r­ x , 2.38 .C C50 51
5 5 2q b , 1qb r2 5 5 b , b r2u F N q N ­ ¨r­ x . 2.39 .C C52 53
 .  .Integrating 2.36 over 0, T# , T# - 1, with respect to t we are able to
derive the relation
5 5 b , b r2 1yb r2 5 2 2 5 b , b r2­ ur­ x F N T# ­ ur­ x q N . 2.40 .C Q . C Q .54 55T# T#
 .  .  .For T# sufficiently small we can combine 2.38 , 2.39 , and 2.40 to
obtain the estimates
5 5 2q b , 1qb r2u F N , 2.41 .C Q . 56T#
5 5 2q b , 1qb r2u F N . 2.42 .C Q . 57T#
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However, N and N are only dependent on the problem data and T.51 54
 .Therefore, using a step-by-step argument and taking account of 2.32 ,
 .  .  . w x2.33 , we can extend 2.41 and 2.42 over the whole interval 0, T .
If b s a we have the desired Holder-norm estimates for a solution.È
 .  .  .  .If b - a we can return to Eqs. 2.34 , 2.35 , 2.36 . Using 2.41 and
 .  .2.42 we can substitute a for b in relations 2.37 and repeat all the
arguments for a to derive the desired estimates.
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